We review the geodesic motion of pseudo-classical spinning particles in curved spaces. Investigating the generalized Killing equations for spinning spaces, we express the constants of motion in terms of KillingYano tensors. The general results are applied to the case of the fourdimensional Euclidean Taub-NUT spinning space. A simple exact solution, corresponding to trajectories lying on a cone, is given..
Introduction
The models of relativistic particles with spin have been proposed for a long time. The first published work concerning the lagrangian description of the relativistic particle with spin was the paper by Frenkel which appeared in 1926 [1] . After that the literature on the particle with spin grew vast [2] .
The models involving only conventional coordinates are called the classical models while the models involving anticommuting coordinates are generally called pseudo-classical.
In this paper we shall confine ourselves to discuss the relativistic spin one half particle models involving anticommuting vectorial degrees of freedom which are usually called the spinning particles. Spinning particles are in some sense the classical limit of the Dirac particles. After the first quantization these new anticommuting variables are mapped into the Dirac matrices and they disappear from the theory [3, 4] .
The action of spin one half relativistic particle with spinning degrees of freedom described by Grassmannian (odd) variables was first proposed by Berezin and Marinov [5] and soon after that was discussed and investigated in the papers [6] [7] [8] [9] [10] .
In spite of the fact that the anticommuting Grassmann variables do not admit a direct classical interpretation, the lagrangians of these models turn out to be suitable for the path integral description of the quantum dynamics. The pseudo-classical equations acquire physical meaning when averaged over inside the functional integrals [5, 11] . In the semi-classical regime, neglecting higher order quantum correlations, it should be allowed to replace some combinations of Grassmann spin variables by real numbers. Using these ideas the motion of spinning particles in external fields have been studied in Refs. [5, [12] [13] [14] .
On the other hand, generalizations of Riemannian geometry based on anticommuting variables have been proved to be of mathematical interest. Therefore the study of the motion of the spinning particles in curved spacetime is well motivated.
In the present paper we investigate the motion of pseudo-classical spinning point particles in curved spaces. The generalized Killing equations for the configuration space of spinning particles (spinning space) are analysed and the solutions of the homogeneous part of these equations are expressed in terms of Killing-Yano tensors. We mention that the existence of a Killing-Yano tensor is both a necessary and a sufficient condition for the existence of a new supersymmetry for the spinning space [15] [16] [17] .
The general results are applied to the case of the four-dimensional Euclidean Taub-NUT spinning space. The motivation to carry out this example is twofold. First of all, in the Taub-NUT geometry there are known to exist four Killing-Yano tensors [18] . From this point of view the spinning Taub-NUT space is an exceedingly interesting space to exemplify the effective construction of all conserved quantities in terms of geometric ones, namely Killing-Yano tensors. On the other hand, the Taub-NUT geometry is involved in many modern studies in physics. For example the KaluzaKlein monopole of Gross and Perry [19] and of Sorkin [20] was obtained by embedding the Taub-NUT gravitational instanton into five-dimensional Kaluza-Klein theory. Remarkably the same object has re-emerged in the study of monopole scattering. In the long distance limit, neglecting radiation, the relative motion of slow Bogomolny-Prasad-Sommerfield monopoles is described by the geodesics of this space [21, 22] . The dynamics of wellseparated monopoles is completely soluble and has a Kepler type symmetry [18, [23] [24] [25] . The problem of geodesic motion in this metric has therefore its own interest, independently of monopole scattering.
The plan of this paper is as follows. In Sec. 2 we summarize the relevant equations for the motions of spinning points in curved spaces. The generalized Killing equations for spinning spaces are investigated and the constants of motion are derived in terms of the solutions of these equations. In Sec. 3 we analyse the motion of pseudo-classical spinning particles in the Euclidean Taub-NUT space. We examine the generalized Killing equations for this spinning space and describe the derivation of the constants of motion in terms of the Killing-Yano tensors. In Sect. 4 we solve the equations given in the previous Section for the special case of motion on a cone. This case represents an extension of the scalar particle motions in the usual Taub-NUT space in which the orbits are conic sections [18, [23] [24] [25] . An explicit exact solution is given and, in spite of its simplicity, this solution is far from trivial. Our comments and concluding remarks are presented in Sec. 5.
Spinning spaces and Killing equations
Spinning particles, such as Dirac fermions, can be described by pseudoclassical mechanics models involving anticommuting c-numbers for the spin degrees of freedom. The configuration space of spinning particles (spinning space) is an extension of an ordinary Riemannian manifold, parametrized by local coordinates {x µ }, to a graded manifold parametrized by local coordinates {x µ , ψ µ }, with the first set of variables being Grassmann-even (commuting) and the second set Grassmann-odd (anticommuting) [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
The dynamics of spinning point-particles in a curved space-time is described by the one-dimensional σ-model with the action:
Here and in the following, the overdot denotes an ordinary proper-time derivative d/dτ , whilst the covariant derivative of ψ µ is defined by
The trajectories, which make the action stationary under arbitrary variations δx µ and δψ µ vanishing at the end points, are given by:
The antisymmetric tensor
can formally be regarded as the spin polarization tensor of the particle. The first equation of motion (3) implies the existence of a spin dependent gravitational force [14] 
which is analogous to the electromagnetic force, with spin replacing the electric charge as the coupling constant. The second equation of motion (4) can be expressed in terms of this tensor (5) and it asserts that the spin is covariantly constant DS µν Dτ = 0.
The interpretation of S µν as spin tensor is corroborated by studying electromagnetic interaction of the particle [5, 9, 13, 14] . From such an analysis it results that the space-like components are proportional to the magnetic dipole moment of the particle, whilst the time-like components S 0i represent the electric dipole moment. The requirement that for free Dirac particles the electric dipole moment vanishes in the rest frame can be written as a covariant constraint [3] g νλ S µνẋλ = 0 (8) which, in terms of the Grassmann coordinates, it is equivalent to
The concept of Killing vector can be generalized to the case of spinning manifolds. For this purpose we consider the world-line hamiltonian given by
where
is the covariant momentum. For any constant of motion J (x, Π, ψ), the bracket with H vanishes
where the Poisson-Dirac brackets for functions of the covariant phase space variables (x, Π, ψ) is defined by
The notations used are
and a F is the Grassmann parity of F : a F = (0, 1) for F =(even,odd). If we expand J (x, Π, ψ) in a power series in the covariant momentum
then the bracket {H, J } vanishes for arbitrary Π µ if and only if the components of J satisfy the generalized Killing equations [3, 15, 26] :
where the parentheses denote symmetrization with norm one over the indices enclosed.
In the scalar case, neglecting the Grassmann variables {ψ µ }, all the generalized Killing equations (16) and from eq.(15)
is a first integral of the geodesic equation [27] . In the spinning case the symmetries can be divided into two classes. First, there are four independent generic symmetries which exist in any theory :
1. Proper-time translations generated by the hamiltonian H (10); 2. Supersymmetry generated by the supercharge
3. Chiral symmetry generated by the chiral charge
4. Dual supersymmetry generated by the dual supercharge
where d is the dimension of space-time.
As a rule we have the freedom to choose the value of the supercharge Q 0 and any choice gives a consistent model. The condition for the absence of an intrinsic electric dipole moment of physical fermions (leptons and quarks) as formulated in eq. (9) implies
However, for the time being, we shall not fix the value of the supercharge, keeping the presentation as general as possible.
The second kind of conserved quantities, called non-generic, depend on the explicit form of the metric g µν (x). In the recent literature there are exhibited the constants of motion in the Schwarzschild [28] , Taub-NUT [17, [29] [30] [31] [32] [33] , Kerr-Newman [15, 16] spinning spaces.
In what follows we shall deal with the non-generic constants of motion in connection with the Killing eqs. (16) looking for the general features of the solutions. The spinning particle constants of motion can be seen either as extensions of the constants from the scalar case or new ones depending on the Grassmann-valued spin variables {ψ µ }. Let us assume that the number of terms in the series (15) is finite. That means that, for a given n, J (n+1) µ 1 ...µ n+1 vanishes and the last non-trivial generalized Killing equation from the system (16) is in fact homogeneous :
The line of action to solve the system of coupled differential equations (16) and the iteration must be carried on to n = 0.
For the beginning let us note that eq. (23) has solutions which do not depend on the Grassmann coordinates. These are the Killing tensors of valence n, as it can be seen comparing eq. (17) with eq. (23) in which all spin degrees of freedom are neglected. However, for the spinning particles, the generalized Killing equations (16) are not decoupled. Even if one starts with a Killing tensor of valence n we get from the remaining Killing equations the components J (m) µ 1 ...µm (m < n) with non-trivial spin contributions. Therefore the quantity (18) is no more conserved and the actual constant of motion is
in which J (m) µ 1 ...µm (x, ψ) with m < n has a non-trivial spin dependent expression.
The construction of the conserved quantity (24) in which the last term J (n) µ 1 ...µn is a Killing tensor can be done effectively. We shall illustrate this construction with a few examples. For n = 0 eq. (17) is satisfied by a simple, irrelevant constant. The first non-trivial case is n = 1. In this case eq. (17) is satisfied by a Killing vector R µ :
Introducing this Killing vector in the RHS of the generalized Killing eq.(16) for n = 0 one obtains for the J (0) the expression [17] :
where the square bracket denotes antisymmetrization with norm one. Consequently, starting with a Killing vector R µ , we get in the spinning case the conserved quantity (24) in the form
A more involved example is given by a Killing tensor J (2) µν = K µν satisfying eq. (17) for n = 2:
This solution must be introduced in the RHS of the generalized Killing equation (16) for J (1) µ and then we have to evaluate the new J (0) . Unfortunately it is not possible to find closed, analytic expressions for J (1) µ and J (0) involving the spin variables using directly the components of the Killing tensor K µν . But assuming that the Killing tensor K µν can be written as a symmetrized product of two Killing-Yano tensors, the construction of the conserved quantity (24) is feasible. We remind that a tensor f µ 1 ...µr is called a Killing-Yano tensor of valence r [27, 34] if it is totally antisymmetric and it satisfies the equation
It is known that the Killing-Yano tensors play a key role in the Dirac theory on a curved space-time [35] . The study of the generalized Killing equations strengthens the connection of the Killing-Yano tensors with the supersymmetric classical and quantum mechanics on curved manifolds.
For the generality, let us assume that the Killing tensor K µν can be written as a symmetrized product of two different Killing-Yano tensors
is a Killing Yano tensor of valence 2 and type i. We use for the Killing tensor K µν ij two additional indices i, j to emphasize the fact that it is formed from two different Killing-Yano tensors.
Introducing the Killing tensor K µν in the form (30) in the RHS of eq.(16) for n = 1 we can express the solution J
(1)µ in terms of the Killing-Yano tensors and their derivatives [15, 32] :
where the tensor c iµνλ is
Finally, using J
(1)µ ij in the RHS of eq. (16) for n = 0 we get for J (0) ij
Collecting the quantities (30), (31) and (33) in eq. (24) we get the corresponding conserved quantity:
Higher orders of the generalized Killing eq. (16) can be treated similarly, but the corresponding expressions are quite involved. On the other hand, for practical purposes (see Section 3), it turns out to be sufficient to consider in detail the Killing tensors up to the valence 2.
In what follows we shall return to the eq.(23) looking for solutions depending on the Grassmann variables {ψ µ }. The existence of such kind of solutions of the Killing equation is one of the specific features of the spinning particle models.
Even the lowest order eq. (23) with n = 0 has a non-trivial solution [17, 31] 
where f µν is a Killing-Yano tensor covariantly constant. Moreover, from eq. (24), we infer that J (0) is a separately conserved quantity. The next eq. (23) with n = 1 can have different kinds of solutions. The most remarkable class of solutions is represented by
generated from a Killing-Yano tensor of valence r. Again, introducing this quantity in the RHS of eq.(16) for n = 0 we get for J (0) :
and the constant of motion corresponding to these solutions of the generalized Killing equations is [31] :
This quantity is a superinvariant
for the bracket defined by eq.(13). A similar result was obtained in ref. [36] in which it is discussed the role of the generalized Killing-Yano tensors, with the framework extended to include electromagnetic interactions. This result extends the analysis from refs. [15] [16] [17] where it is established that the existence of a Killing-Yano tensor of the usual type (r = 2) is both a necessary and a sufficient condition for the existence of a new supersymmetry of the type (38) obeying the superinvariance condition (39) .
To conclude, we mention that eq. (23) with n = 1 has also many other solutions by forming combinations of different Killing-Yano tensors. As a rule, the corresponding constants of motion are not completely new and they can be expressed in terms of the quantities described above. We shall illustrate this fact choosing for the solution of eq. (23) with n = 1 the quantity
where R µ is a Killing vector (Killing-Yano tensor with n = 1) and f λσ is a Killing-Yano tensor covariantly constant. Introducing this solution in the RHS of the eq. (16) with n = 0, after some calculations, we get for J (0) [31, 32] :
Combining eqs. (40) and (41) with the aid of eq. (24) we get the constant of motion :
As expected, we recognize in this expression the conserved quantities (27) and (35) .
In the next Section we shall apply these general results concerning the solutions of the Killing equations for spinning spaces to the case of the fourdimensional Euclidean Taub-NUT spinning space.
EUCLIDEAN TAUB-NUT SPINNING SPACE
The Kaluza-Klein monopole [19, 20] was obtained by embedding the Taub-NUT gravitational instanton into five-dimensional theory, adding the time coordinate in a trivial way. Its line element is expressed as:
where r denotes a three-vector r = (r, θ, ϕ) and the gauge field A is that of a monopole
The function V(r) is
and the so called NUT singularity is absent if x 5 is periodic with period 16πm [37] .
It is convenient to make the coordinate transformation
with 0 ≤ χ < 4π, which converts the four-dimensional line element ds 4 into
Spaces with a metric of the form given above have an isometry group SU(2) × U(1). The four Killing vectors are
D 0 which generates the U(1) of χ translations, commutes with the other Killing vectors. In turn the remaining three vectors, corresponding to the invariance of the metric (47) under spatial rotations (A = 1, 2, 3), obey an SU(2) algebra with
In the purely bosonic case these invariances would correspond to conservation of the so called "relative electric charge" and the angular momentum [18, [23] [24] [25] :
where p = V −1 (r)˙ r is the "mechanical momentum" which is only part of the momentum canonically conjugate to r.
As observed in [18] , the Taub-NUT geometry also possesses four KillingYano tensors of valence 2. The first three are rather special: they are covariantly constant (with vanishing field strength)
Moreover, they are mutually anticommuting and square the minus unity:
Thus they are complex structures realizing the quaternion algebra. Indeed, the Taub-NUT manifold defined by (47) is hyper-Kähler and, as a consequence, the corresponding supersymmetric σ-model has an N = 4 supersymmetry.
The fourth Killing-Yano tensor is
and has only one non-vanishing component of the field strength
In the Taub-NUT case there is a conserved vector analogous to the RungeLenz vector of the Kepler-type problem whose existence is rather surprising in view of the complexity of the equations of motion. This conserved vector is:
where the conserved energy E, from eq. (10), is
The components K iµν involved with the Runge-Lenz type vector (57) are Killing tensors and they can be expressed as symmetrized products of the Killing-Yano tensors f i (53) and f Y (55) as in eq. (30) [17, 18, 33] :
This equation corrects some old formulas from the literature [18] . Using these conservation laws one can determine the orbits. Eq.(52) implies that
which fixes the relative motion to lie on a cone whose vertex is at the origin and whose axis is j. Moreover, taking into account the existence of the Runge-Lenz vector (57), one finds that the trajectories lie simultaneously on the cone (60) and also in the plane perpendicular to
Thus they are conic sections. Starting with these results from the bosonic sector of the Taub-NUT space one can proceed with the spin contribution to the conserved quantities (51),(52) and (57).
First of all, corresponding to the generic symmetries described in the previous Section, there are four universal conserved charges. For the Taub-NUT spinning space these are :
1. The energy (58);
The supercharge (19):
3. The chiral charge
4. The dual supercharge
From eq.(4) which shows that ψ µ is covariantly constant, we find that the rate of change of the spins is:
As a rule, the complicated eqs.(3) and (4) should be integrated to obtain the full solution of the equations of motion for the usual coordinates {x µ } and Grassmann coordinates {ψ µ }. In addition to the brute force method of trying to solve these equations there are the general prescriptions described in the previous Section which are considerable simpler. In what follows we shall use the Killing-Yano tensors to generate the constants of motion for spinning particles.
We start with the observation that the angular momentum (52) and the "relative electric charge" (51) are constructed with the aid of the Killing vectors (49). The corresponding conserved quantities in the spinning case are the followings:
where we used eq. (27), and we introduced the notation: B 2 , B 3 ) . From eq. (26), the scalars B A
have the following detailed expressions:
We mention that the above constants of motion are superinvariant:
Also, the components (66) of the angular momentum satisfy, as expected, the SO(3) algebra:
We consider now the Killing-Yano tensors of valence 2 and we search for those constants of motion built of them.
Using eq. (38) we can construct from the Killing-Yano tensors (53) and (55) the supercharges Q i and Q Y . The supercharges Q i together Q 0 from eq. (19) realize the N = 4 supersymmetry algebra [17] :
making manifest the link between the existence of the Killing-Yano tensors (53) and the hyper-Kähler geometry of the Taub-NUT manifold. Moreover, the supercharges Q i transform as vectors at spatial rotations
while Q Y and Q 0 behave as scalars. We note also that the bracket of Q Y with itself can be expressed in terms of the hamiltonian, angular momentum and "relative electric charge":
On the other hand, the existence of the Killing-Yano covariantly constant tensors f i (53) is connected with three new constants of motion as shown in eq. (35):
which realize an SO(3) Lie-algebra similar to that of the angular momentum (71):
These components of the spin are separately conserved and can be combined with the angular momentum J to define a new improved form of the angular momentum I i = J i − S i with the property that it preserves the algebra [17] :
and that it commutes with the SO(3) algebra generated by the spin S i
Let us note also the following Dirac brackets of S i with supercharges
To get the spin correction to the Runge-Lenz vector (57) it is necessary to investigate the generalized Killing eqs. (16) for n = 1 with the Killing tensor K µν in the RHS. For an analytic expression of the solution of this equation we shall use the decomposition (59) of the Killing tensor K µν in terms of Killing-Yano tensors. Starting with this decomposition of the Runge-Lenz vector K from the scalar case, it is possible to express the corresponding conserved quantity K in the spinning case [33] :
This expression differs from previous results presented in the literature [17, 31] and the difference has the origin in the corrected form of relation (59). A detailed expression of the components K iµν is:
More explicitly, we can write the Runge-Lenz vector K for the spinning case as in eq.(34):
where the first term is the Runge-Lenz vector (57) from the scalar case and the last two terms represent the specific spin contribution. A detailed expression of this contribution is [30, 33] :
The components S 2µ Π µ and S 2 can be obtained from S 1µ Π µ respectively S 1 with the substitutions:
Therefore, in the spinning case, the Runge-Lenz vector contains additional terms linear and quadratic in the spin. The presence of a contribution quadratic in the spin, non-existent in Refs. [17, 30] , is again related to the term J i J 0 from eq.(80). We would like to emphasize that the contribution of the J i J 0 term in eq. (80) is essential in reproducing the known vectorial expression of the Runge-Lenz vector in the scalar case, and gives the correct Poisson-Dirac bracket between two components of the Runge-Lenz vector.
The Dirac brackets involving the Runge-Lenz vector (80) are (after some algebra):
and they are similar to those known from the scalar case. The Runge-Lenz vector K together with the total angular momentum J generates an SO(4) or SO(3, 1) algebra depending upon the sign of the quantity
In conclusion, all conserved quantities for motions in spinning Taub-NUT space have been expressed in terms of the geometric objects (49), (53) and (55). Other expressions involving the Killing-Yano tensors will produce conserved quantities which are not new, but rather combinations of the above primary conserved quantities. For example, let us consider a solution of the homogeneous eq. (23) for n = 1 of the type (40):
After some algebra we get the constants of motion of the form (42):
As expected, the constants J Aj are not new, being expressed in terms of the constants J A (62), (63) and S j (75). However, the combinations (88) arise in a natural way as solutions of the generalized Killing equations and appear only in the spinning case. Moreover, we can form a sort of Runge-Lenz vector involving only Grassmann components:
with the commutation relations like in eqs. (86):
Note also the following Dirac brackets of L i with supercharges:
SPECIAL SOLUTION
In spite of the fact that all conserved quantities have been expressed in terms of geometric ones in a close form, their detailed expressions (69), (83), (84) are quite intricate. We wish to consider a special class of solution of the equations of motion which is very simple, but not at all trivial. In this Section we confine ourselves to the motion on a cone on the analogy of the scalar case where the trajectories are conic sections.
For this purpose let us choose the z axis along J so that the motion of the particle may be conveniently described in terms of polar coordinates r = r e (θ, ϕ)
with e = (sin θ cos ϕ, sin θ sin ϕ, cos θ).
For this choice of the axis we have:
and from eqs. (66), (67) and (69)
In what follows we shall consider the angle θ = constant, i.e.θ = 0. The rate of change of spin (65) can be written in terms of the antisymmetric spin polarization tensor S µν (5) as follows:
Since we are looking for solutions withθ = 0 we have from eq.(95)
This relation implies that the special solution investigated in this Section is situated in the sector with Γ * = 0.
We mention that in this sector the system of eqs. (98) is satisfied even if the angle θ is not constant.
Using eq.(99) we can express S rθ through S ϕχ and the following equations are equivalent to the system (98)
Thus the equations of motion for S µν are written in a more tractable form and the solution follows without difficulties. If we take into consideration the constraint coming from eq.(97), namely:
then we have to impose q · S ϕχ = 0.
on the system (101). We shall analyze both solutions S ϕχ = 0 and q = 0 successively.
For S ϕχ = 0, from eq.(99) we have also
In spite of this drastic simplification, eqs.(101) have a non-trivial solution:
Σ,
where Σ is a Grassmann constant, commuting with ψ µ , and anticommuting with itself.
In the case of this particular solution, from eqs. (67)- (69) we get that the spin contribution to the "relative electric charge" vanishes (B 0 = 0) and
Therefore the "relative electric charge" has the same expression as in the scalar case. However the total angular momentum is modified by the spin contribution:
Here J is the magnitude of the total angular momentum and eq.(107) fixes the angle θ in terms of the constants q, J and Σ. Also the equations for ϕ and χ are modified:
At last,ṙ can be derived from the energy, eq.(58). Concerning the second possibility, namely q = 0 in eq.(103), we have from eqs.(101):
where C µν are Grassmann constants of the same kind as Σ. Taking into account the constraints:
and, from (99), where we substitute (109):
we get
and
In conclusion, the case q = 0 is included into the previous case (S ϕχ = 0). Practically we must impose in addition to the previous solution the condition that q = 0 and we get either the solution (112), (114) or a trivial one without any spin contribution (112), (113).
Concerning the Runge-Lenz vector for θ = constant we have from eqs.(83) and (84):
S 1µ Π µ = ∓2 tan θ sin ϕṙΣ ∓ 2r tan θ sin 2 θ cos ϕφΣ ∓ (8m + r) sin θ cos ϕ 4m(4m + r) qΣ, S 3µ Π µ = ∓2r sin 2 θφΣ ± tan θ((8m + r) sin θ ∓ (4m + r)) 4m(4m + r) qΣ.
Again the component S 2µ Π µ can be obtained from S 1µ Π µ with the substitution (85).
Using then:
p r r = (4m + r)ṙ r ,
J p = (q + Σ sin θ) p r r .
we get to the conclusion that, for the case of motion lying on a cone, there is a conserved vector n orthogonal on p:
which is similar to the scalar case, eq.(61). Physical observables are obtained by averaging with some suitable density over the anticommuting parameters.
After the integration was performed we may treat Σ as a classical variable. Therefore the trajectories of a spinning particle constrained to the motion on a cone are conic sections determined by the condition n p = 0.
CONCLUDING REMARKS
The spinning particle model is a world line supersymmetric extension of the theory of a scalar particle. It describes a relativistic particle with spin one half.
It is a theory which describes in a pseudo-classical way a Dirac particle moving in an arbitrary d-dimensional space-time. In addition to the usual space-time coordinates, the model involves anticommuting vectorial coordinates which take into account the spin degrees of freedom. It is worth emphasizing that along the world line of the particle there is a supersymmetry between the fermionic spin variables and the bosonic position coordinates. The model is a one-dimensional supersymmetric field theory on the world line.
The term pseudo-classical refers to the fact that there is no classical interpretation for the anticommuting variables. To get the "observable" trajectories one has to average over the spin variables. On the other hand it is possible to quantize the model giving rise to supersymmetric quantum mechanics. After quantization the conservation law for the supercharge becomes the Dirac equation.
The constants of motion of a scalar particle in a curved space-time are determined by the symmetries of the manifold, i.e. if a space-time admits a Killing tensor K µ 1 ···µr of valence r, then the quantity K µ 1 ···µr Π µ 1 · · · Π µ r is conserved along the geodesic.
In the spinning case the generalized Killing equations (16) are more involved and new procedures should be conceived. The aim of this paper was to point out the important role of the Killing-Yano tensors to generate solutions of the generalized Killing equations. We presented a detailed discussion on how to construct conserved quantities out of Killing-Yano tensors for the Taub-NUT spinning space. Finally we solved the equation of motion for the case when the angle θ is held fixed. This solution is most simple but far from trivial and the trajectories are the analogous of the ones of a scalar particle, being conic sections.
The extension of these results for the motion of spinning particles in spaces with torsion [38] and/or interacting with background fields [3, 36] will be discussed elsewhere [39] .
